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\.INTRODUCTION

The analytical study on the multi particles in the strongly oblate ellipsoidal
semiconductor quantum dots (SOEQD) with relativistic mass correction is an
active area of advanced high-technology research [Y-Y]. The significance of
SOEQD in optoelectrical equipment, communication technology, and quantum
information has driven the interest in studying the multi-particle quantum dot
based on the relativistic behavior of a system. We choose the multi-particle
quantum dots as multi-exciton systems, which play a crucial role ingmany tasks
related to advanced nano-technology also the control of multi-ex¢iton bound
states within quantum dots holds great importance for this type of techmelogy.
Hence, the theoretical investigation has contributed to understanding,the behavior
of bound states in quantum optics and nanoelectronigs. In thistheoretical research,
we use biexciton systems in quantum dots and define,the energy eigenvalue and
relativistic mass corrections based on SOEQD shape Ji-°]. The characteristics
and properties of biexciton as the electrons and®holes 0und states within the
confinement and relativistic effects are investigated. Thepotential confinement
leads to a change in the biexciton constituent particles overlap, and the relativistic
effect results in a difference in the€onstitugnt mass @f particles, which is different
from the rest mass and effective’mass,, Due to the relativistic mass corrections on
the energy spectrum, the biexciton“system in SOEQD demonstrates a larger
emission band, luminescence spectrum, ane-tuminescence decay times compared
to non-nano dimensjenal semicom@uctoys. Multi-excitons in SOEQD have an
important property based on fage-to-face interactions and lead to multi-particle
correlation such as excitoh=exciton, biexciton-exciton, and biexciton-biexciton
interactions  [£-1]. fFThesejinteractions show the new quantum-optical
nonlinearities behavior and entangled states ["-A]. The measure and features of
relativisti€“mass correction can depend on Multiple elements and factors,
including the size and'shape of the strongly ellipsoidal semiconductor quantum
dotS, thexcomposition of the quantum dots material, and the external environment.
This theoretical study's results are predicted to offer guidelines for tuning
properties “@fpstrongly ellipsoidal quantum dots and thus facilitating the
advancement of practical nano-dimensional electrical appliances and devices.
Consequently, in this research for simplicity of calculations, we choose just
biexciton as a four-particle state (electron-hole) of SOEQD and show the
relativistic correction effects in the field of nano-quantum physics and
optoelectronics ['-A]. The remainder of this theoretical investigation is organized
in the following format Section Y, determination of relativistic mass correction in
qguantum field theory. In Section Y, a transformation of intertwined spaces is
introduced and describes the behavior of SOEQD. In Section ¢, the biexciton
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mass spectrum and energy eigenvalue of the vacuum state are explained and
calculated. Finally, in Section ©, concluding comments are given.

A. Research Aim

Biexcitons can arise in certain semiconductor quantum dots and nanostructures
under specific conditions. We investigate a biexciton Coulomb system in
SOEQD, consisting of two excitons bound states (two electron and two holes
bound state). Our analytical approach is based on the Sturmian function
transformation and Wick ordering method [%] applied to the quantum oscillator
system [V-) £]. We determine and calculate the relativistic mass carrection to the
energy eigenvalue and other properties of a nano-scales GaAs semicondugtor that
is confined in SOEQD.

B. Sturmian Function and Transformation

One of the mathematical techniques and methods’TA guantum mechanics and
quantum field theory is the Sturmian functiontransformation ['¢, Y7]. This
technique allows us to describe a quantum system,in a Sturmian form simplifying
the theoretical analysis and calculatien of specificiproperties. It is widely used in
semiconductor quantum dots, wells, and panostructtres. The Sturmian function
transformation is beneficial to determine bound state behavior in atomic,
molecular, quantum chemistry, solid=State physics, and particle physics. By
applying the Sturmian function transformation, the bound state problem can be
represented in the second-orderglinear/ differential equation that provides a
powerful mathematical teol foffstudying various aspects of nano-scale systems
such as wavefunctions,/mass spectrum, binding energy and energy eigenvalues,
and quantum-optical” properties. Hence, we present the Sturmian function
transformation tg“study the biexciton in SOEQD within the relativistic mass
correction.“The radialySchrodinger equation (RSE) can describe the biexciton
properties based on the)Sturmian representation and the set of eigenfunctions. The
Starmiamyfunction S,,; (r) is the solution of RSE

Y Y g Y
[~ + Fo + U — B Su( = 0)
This function has a notable benefit over RSE when used as a basis for expansion
when choosing a different basis of intertwined spaces for the biexciton states. For
instance, quantum oscillator wave functions satisfy the needed conditions. The
mechanism of transforming the independent parameter has long been a valuable
strategy for solving RSE with various types of potentials. In this manuscript, the
study of the biexcitons system involves using the Coulomb potential in the
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strongly ellipsoidal semiconductor quantum dots. A more general equivalence
emerges as a change of variable in the wave function of intertwined spaces

"y =q"Pp o> ', )

\+o” T T

Sp(r) ~ e M ~ et

and this transformation can map the nonrelativistic RSE and its solutions for given
potentials [V, YA]. We know that for r — oo, a(r) can be obtained for certain
classes of potentials such as Coulomb or Yukawa-type potentials ¢ = +. We
study the biexciton states within Coulomb potential with a modifiablgynumber of
power factors Y r%, and have used a variable change to interpret thetStugmian
equation and two intertwined spaces in the context of conventionalphysical RSE.
We also mention that the biexciton states in SOEQD cah!be addressed using
algebraic methods, such as the Wick ordering technigue, andhsolve’RSE due to
define and determine mass spectrum based on the relativistic mass correction.

Y. THEORETICAL MODEL OF THE ELLIRSOIDAEQUANTUM DOTS

We investigate the four-particle”bound state “(Biexciton) in the ellipsoidal
quantum dot with the relativisti¢ mass jorrection. As we know, ellipsoidal
guantum dots have two different types of geometry (prolate and oblate). The
strongly prolate ellipsoidal quantum dotshexplained in the R "-dimensional space
and SOEQD described in the R'-dimensional space [¥-1]. We will present our
theoretical findings “on strongly” oblate ellipsoidal quantum dots in GaAs
semiconductors. It is schematically plotted in Fig. ). The confinement potential
and interaction Coul@mb petential of a strongly oblate ellipsoidal quantum dots
with condition a"#> b" in R} —The dimensional Cartesian coordinate system is
consideredas follows

Y 14 Y
) z +3] + Z_V S ! !
ejer
U = a b u,, =yn_ 2 (n
conf x'+y" 2" | int L= e e, |ri—r]-|
oo, Py + o7 > ) i#j

where a, b “@re semiaxes of the ellipsoid, respectively. the Hamiltonian of
biexciton bound state (two electrons and two holes) based on the Coulomb
potential of interactions U;,,; (as it is shown in Fig.}), in natural unite A = ¢ = 9,
reads
'vn Pir

H =7Zi='E+Uint+Uconf (f)
where e is the charge of particles, ¢, is the relative permittivity of GaAs
semiconductor, &, is the vacuum permittivity, U;,,; corresponds to the electron-
hole, hole-hole, and electron-electron interaction. The Biexciton system is a four-
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body problem that can be constructed in H-type and K-type. H-type coordinates
begin by defining electron-electron and hole-hole the relative vector between the
centers-of-mass of the biexcitons Fig. Y.

N

Fig. Y. Schematic plot of SOEQD and Biexciton b state irythe red cycle.

e

Fig. ¥. Jac inates {x,,xv,x+}, of biexciton in the four-body problem.

H-channel represents the correlation matrix within two interacting electron-holes,
and then the exciton-exciton correlation. K-type coordinates are formed by
sequentially establishing the relative vector between the center-of-mass of a
subgroup of particles and one extra particle [Y4]. We choose the H-type
coordinates to describe biexciton properties in SOEQD. Therefore, the three sets
of linearly independent Jacobi coordinates {x,,xx,xy}, for particles in the four-
body problem as it is shown in Fig. Y, reads

Jacobi Coordinate for particle i =)

Journal of Optoelectronical Nanostructures. Y.Y.; 1 (1): £€A- OV I

.................................................................................................................
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{xy,xv,xv} = {Tv -y, ry————, 1 —
my+my my+my+my
Jacobi Coordinate for Particle i = Y

{x X x}_{r o M\ +MyTy r _ My M Ty M Ty
VATAT ! oY my+my e my+my+my

e

)
Jacobi Coordinate for Particle i = Y

R

e

MmyTr+m:rs mrT‘r+TTl\‘T'\‘+sz'z

Xy, Xy, Xyy =1s — Ty, Ty —————,T
{ VoY V} {i A my+m: ' my+my+ms

Jacobi Coordinate for Particle i = ¢

{x ,’xhx"} _ {Tr— roty— mrrrl-mfrf’r, _marmyr4mer: (o)
mrtm:s mytmetm:
and
the position vector of Particle i = )
my+ms
{Ty} - {m +my X + my+my+mr+ms Xy + RC} .
the position vector of Particlei = ¥
my+ms
{rv} = {_ my+my X + my+my+my+ms Xr + RC}
the position vector of Particle i = ¥
_ my+my
{Tr} {mr+mi ol my+my+my+
the position vector of Particle i/=
my my+my
{rf} - {_mr-l-m;xr_my+mr+mr+ms (7)

where r; represents the position vector of the i-particle with the rest mass m;, and
¢ Isthe coordinate the cent

massS. Hence Eq. (¢) reads

-]
mmemem: y e’
mmymem: CXT 0 fmepe. x|
) e’ )
- X X - X X -
,I e, |M+Lr+xr| fepe., [BX) KXy o
m, mg¢ my my
.
e )
T "

Now for simplicity, we consider my = my = m; and my = m; = my, in the
electrostatic field, and
R, Ry Ry

a
=, Xy = Xy = Xy =
B’ amg’ pm,’ YJame

Mg = ame, mp = fme, k =

Then Eq. (") is realized by the following parameters
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my+mr y _|_1/m,er J e’ )

_ ) ¥ ) 1%
H=—px, ¥ 5Pxr +

mmy FXr mepe. |R| "TerE. |(R+r) kz|
,1m,e' ) ,1myer ! ,1myer ! Jm e (A)
"mere. [(R+1)+kz| "mere. |(R-1)+kz| "mere. [(R-1)—kz| mEyE. |kz|

We assume that the motion of the electrons and holes clusters are limited by
themselves and do not move freely in quantum dots. These clusters move only in
the biexcitonic structure, hence

Xy = Cconst = py, = *, Xy = CONst = p,, =
therefore, the radial part of RSE with Hamiltonian Eq. (A) in lindrical
coordinate system (p,z,p) presents as follows
(H-E)Y(R,r)="=

* * EP

(S pg, = L [t ] — B ) W) = (9

memy, ey, LIR)+R r| IR —

Where B is the magnetic quantum number and unetion has the form
W(R,,Ry) :—em“f’db(R p,z). Now, based OEQD = +. And finally, Eq.

(YY) will have the following form

mg+my, [ o’
mim; W p 6p
- p,z) = ¢ (')
_ ,/mee [ ! +
mere. LIR+RY ’;—R r

As we have two clu hoose p = Y,/p\px , and after some mathematical
calculation, the H elative motion of exciton-exciton interaction as
a biexciton i e radius vectors p,, py in SOEQD reads

a’ 3 ) )
ao) (Gt o) B (p—+p—>] -

) + (pi1+py —(p+pr)E |P(Rp1py) =
\[(py+pr)'+Rrr \/(10r+Pr)r""”r

TELE.

(")
Y. AUXILIARY SYMPLECTIC SPACE IN QUANTUM THEORY

In the context of quantum mechanics, an auxiliary symplectic space refers to an
additional space that is introduced to simplify the calculation and analysis of a
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system. This subject deals with symplectic manifolds, which are mathematical
objects that capture the geometric properties of dynamical quantum systems, and
often are described using position and momentum variables [ "+, T']. This method
is essential and beneficial in solving the RSE of the bound states. It allows
different aspects of the bound state's properties and characteristics to be presented
and clarified in the position and momentum spaces. By introducing an auxiliary
symplectic space as a powerful mathematical tool and technique, one can provide
a clearer understanding of the dynamics of bound states. Dimension of the

auxiliary symplectic space depends on the particular bound statesjand the goals
of the investigations. Now, we introduce the auxiliary sympléec age in
guantum theory for solving the mass spectra and energy eigenval the
biexciton bound state using Eq. ('¢) in SOEQD. For this reas identify

canonical operators in Eq. ( )

(1), by changing r = q ', and always map r = - = yand map r = o
into g = . Two intertwined spaces can be mog d by ections

da’ _r(r d ?d') d )
—==—(5——-—)and == ’
dr” 4 \q'dq qdq’ dr ( 0

Hence, the radial Laplacian i dimensional Riemannian space to the
intertwined space
4 N1 FMNE

('

is transformed, and

motion of particle

eigenvalue and
¥

th
spectra/of biexciton in SOEQD, we change the variables

gra ine the wavefunction

®(R ), = q¢"®g™x(qlan, (4

(")
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_ metmy [(6_r a_r) Y ) (_'L L0 )] _
rmam;, t’)qy'-i_t’)(zrr + (MW + N qv6q7+qr6qr

sfmie’|  (al+a’) N (ar+47)

— {q/+q0)E | x(R»q1,qr) =

e | Jaread) sr (aread) v
(19
where D = Y( !+ |23]) is the dimension of the auxiliary intertwi pace. The
biexciton bound state as a quantum oscillating system can be pr d by the

Wick ordering technique in the auxiliary symplectic space. It for the
momentum (p) and position (§) operators (canonical variabl in terms of

Ay VT ~ i d A AT

a+——r(\/5q—\/—aa) and a—7( w§ (17
operators, where § = vV Tw(a@* +a), — a* —a), and w is the vacuum
state frequency of biexciton. Sub and p = :—q into the Eq.
(’9) and ordering by operator Fhe Wick ordering product [#]over the

_ o (e

canonical operators isp ' = w ——5 o r(”) +:4 ", then
7 ¥

the interaction Hamiltonian o%r particles bound state is realized by the

following equation

wand g™ =

('Y)
witte (") [ ()" W(k7)eteis the potential, H. = w(a*a) is he

D _ A
Hamiltonian @Fthe free oscillator, e. = 22 + f (%) W(k")e*w is the energy

D _ K
of the vacuum or the ground state energy, and H; = J (%) W (ke w:e: is
the interaction Hamiltonian. :*: is the normal ordering (Wick ordering[A]) symbol
and we consider that in the symplectic intertwined spaces the interaction
Hamiltonian doesn’t contain: §": and §". These terms are included in the vacuum
state energy. Hence, we define a specific condition that determines the frequency
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of the biexciton bound state w +f(dk) (k )esw W (k") =+. Now, using

Yrr N
conditions e, = + and % = + for creating the bound state (i.e., the confined state

exists at the lowest point of oscillator frequency and energy eigenvalue) ['V], one
can define the ground state energy eigenvalue and mass spectrum of biexciton
system in SOEQD.

¢ RELATIVISTIC CORRECTIONS

Increasing the Coulomb interaction coupling constant in semiconductor
guantum dots can lead to various properties, such as relativistic behavior of
interaction behavior. By decreasing the size and shape of the semiconductor
quantum dots the electrons and holes become more closely, leading to a stronger
Coulombic coupling constant. By increasing the number of electrons, holes or
both the carrier density within the semiconductor quantum dot Coulombic
coupling constant can be enhanced. By choosing materials or modifying the
dielectric medium based on connecting two or more semiconductor layers the
strength of the Coulomb interaction can be increased. Applying a strong
electromagnetic field on a system the coupling constant strength can be increased.
Hence, we choose theoretical modification to increase the Coulomb interaction in
the strong oblate ellipsoidal GaAs quantum dot and describe the relativistic
conditions on the biexciton bound state. The mass spectrum and energy
eigenvalue of the bound states in SOEQD are present based on the quantum
mechanics approaches and Feynman path integral method in the quantum field
theory [YY-Y1]. As we know, the long-range and small-range behaviors of the
propagator function of the related system’s current with the different quantum
numbers can determine the main properties of the bound states in SOEQD. The
Feynman functional path integral method allows us to average over the field and
describe the Green function G (r — r") of bound state and interactions of particles
in quantum field theory, similar to the Schrodinger picture in quantum physics.
We explain therelated current of charged particles in the system and obtained
current through averaging over the external field for bounded particles [YY, Y¢,
Y1]. This method defines the kernel function of two charged particles in SOEQD
with the specific rest masses. Hence, one can determine the n-point function by
averaging over the field I(r — ") = (G\(r —r)Gy(r —r") --- G,(r —1°))4. The
Green function G,, (x ) for the scalar particle with the rest mass m and coupling
constant g in the external field A(x) is defined from

[(’E+ 2 A(x)) ]G (x) = §(x). )
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The Green function in the form of path integral can be written as
r " dz (§)

G (r,r'|4) = f,w(;l;),e{_#m T }x fdgge{igf' T A6} (19)

where

Z(@) =@ —1r)E+1 —YVuB(©), dog = NOB(&)el ) € B} ang N i
the normalization condition with [ do; =) with boundary conditions B(+) =
B()) = +. Then using the variational method and Eq. ("%) andMI(r — ") =
(G\(r —r)Gy(r — 1) - G (r —1°))4, the polarization functi n-point
function I1(r — ") reads

|r=7|

Nr—-r) = f...f.wM -Q(,uw,"',,un)e{ ‘—[(T:—S oo

(A [r=r )

where
‘Q(M 5ttt ;Mn) =

crycn [ [duy-duye #

(")

the functional 2(u ), -+- ,u,,) resembling the'behavior of n — particles with masses
Wyyeee, Uy in the nonQIativisti’c%ntu mechanics and with the potential and
nonpotential interactio t inCludes in U;; in the form of the Feynman path
integral and at |r — it is,analogous to the relation

()

SSes Uy, +++, Uy, it depends on the parameters wy, -+, iy,
mass, the constituent mass, and the coupling constant,
The constituent masses of interacting particles mean the mass of

particles in e bounded system. Then, the Green’s function at |[r — 7’| - *

can determine the bound state total mass M of n — bounded particles as follows
[Ye, YV]
(G (r7'14)) 7 T2 el =l ("

|r—7|
Using Eg. (V) and relation TI(r — 1) =(G\(r —r)Gx(r — 1) - G,(r —1"))4
one can demonstrate the polarization function T(r — r") = el=MI™="}, Hence,

the bound state mass spectrum is defined as M = lim ~nl1T=r) \we can

|r—r|—o |r—7r7]
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determine the bound state mass M based on the method of steepest descent in the
following manner for (i = Y---n)

d S T
—m(%"‘lb"ﬂ"l‘#n"‘ "E(#v,"'lln)> (r9)
where
7 ] d
Wi = VZ—i"' rﬂia—mE(Hv,"'Mn) = \/mir— era—mE(M’,"'Mn) (79
ith(i =) = _HMH
with( i ,Y,n),u= p—— is the reduced mass of the'system, y; is

the constituent mass of particles, WhICh determines the relativistie,mass COrction
of each particle [YV, YA, YV]. Now, we define the relativistiC correction on the
Hamiltonian of biexciton bound state. The total Hamiltonian'of the Biexciton can
be further developed with the guidance of relatiyvistic effects ‘such as the
relativistic correction to the mass, Kinetic energy,/SpiR interaction, and other
perturbative terms. The relativistic effects result/from a“change in the biexciton
bound states’ energy brought on by relativistic mass. The other one is spin
interaction, which is contained in spin£spin,spin-0rbit, and spin tensor interaction.
Coupling [YV, YA]. These relativistic corrections affect the ground and excited
energy levels of the biexciton in SOEQD; which have a considerable effect and
meaningful contribution to the electrical and optical characteristics of quantum
dots. The total Hamiltonian H =H¥¢ + Hss + Hys + Hy + Hygp + Hpert
describes all interaction potentials’{™ ¢] that are included in the term U;; of Eq.
(YV), and all energy speetrum ¥€ads c.,; = €. + &55 + &15 + &7 + Eret T+ Epert-
The potential of interaction has the form

(_\)l"']g t t . . ) .
Uy = o A [ v 2 (D (210 = 27 (20) 25 () =
\)H'Jg r r () (T) +00 ds SY s
s (| C )(|r|+ )f(vn)“foovn ( +F)X

% e{zsr+?(ri (T »)—rj (Tr))+lq(7‘i(‘l.' v)—Pj(Tr))} — U-- + U-- (7’7)
ij ij
The term U ’ corresponds to the contribution of one photon exchange, and the
term U ' gives only cross term. c is the speed of light, and « is the coupling
constant of one photon exchange. We suppose that in the initial moment, particles
are in the rest and interact among themselves only by electrostatic field. In this
7oz 2 V(2 2

case, we have 0;; = '+ W(Ti(r ) — rj(rr)) + C—,(ri(r DT (T r)) = ). From
r# = (ct,7), Tt = it, 7 = 7;(r)) — 7;(ry), it follows that the asymptotic behavior
of U;; must depend on t in a linear way [ "]. According to this, the dependence
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of r " is Euclidean time on 7 is the proper time of the composite particle is chosen
asr ' =r,(t)) —ry(ty) =c(t)—tr) = c1, T)and 7. After performing a series
of mathematical calculations and substitutions, we get the nonperturbative
relativistic correction on the total Hamiltonian as a relativistic correction term
which is defined by the equation

28+ \ T
Hrel=uv(r)[(’+(,m,) - ’] ("

where p is the reduced mass of biexciton, r is the distance betweehythe clusters,
U(r) = U,(r) + Us(r) is the potential interaction, U,(r) is the s¢alarterm and
U, (r) is the vector term of potential interaction of the biexciton SOEQBR4 " 7).
The non-relativistic results of confined states are no longef sufficient for the
description of the Large Hadron Collider, experimental resdlts in partiel€ physics,
and nano-scale interactions. Therefore, it is necessary,to ‘consider the relativistic
corrections on mass, energy, spins, and nonperturbative ‘and perturbative
interactions. As we are aware, the real relativistié correetions are very small,
therefore within the framework of quantum fielehtheory, the theoretical approach
outlined in Eq. () simplifies deriving the<relativistic corrections for a
nonrelativistic interaction potenti@l. Hence, the“r€lativistic Hamiltonian of

biexciton with the mass m,,; = ;’- I E’— in the strongly oblate ellipsoidal GaAs
e h

guantum dot within the Coulomb intetaetion in the natural unit has the form

)

Mext -
Hyp = — [( W Lt ')) yr ’], ag is the Bohr radius.

grapme ™ G’

®.RESULTS AND BRSCUSSION

One ofgthetmain results, and interesting effects of SOEQD is the potential
confinement Jof particles, which is achieved through photon exchange. This
potentiahconfinement leads to distinct electrical and optical properties that are
importantand valuable in quantum-optical devices, nano-electronic components,
and optoeleetronic equipment. As it is widely recognized, the optical properties
of SOEQD/are an essential aspect of nanophysics. Therefore, exciton and
biexciton states in SOEQD are an interesting subject. As we show in previous
sections the relativistic corrections on the total Hamiltonian can increase the
accuracy of results in calculating energy, mass, and spin interactions. In this
section, we will calculate the relativistic corrections to the mass and Hamiltonian
of biexciton in SOEQD, which are performed theoretically. Two-center
approximation method is a universal method to describe the biexciton bound
states of the electron-hole (exciton) interacting clusters. This tool simplifies
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system interactions by treating the clusters independently. This approximation
assumes that the biexciton bound state’s wavefunction can be explained as
separate wavefunctions for each excitonic cluster. The biexciton properties can be
solved using RSE or the relativistic Bethe-Salpeter equation. This approach
allows us to describe the biexciton analytically and numerically, compared to
considering the interactions between and within the excitonic bound states. Now,
to determine the biexciton mass spectrum and properties, we use the theoretical

effective mass of an exciton in a GaAs quantum dot. It typically, considers the
reduced mass of the exciton (electron-hole) system m,,, = mL + n: Once mey;
e h
theoretically obtained, it can be used to describe the exciton dynamics Within the
quantum dot system using the two-center approximation method-Bherefore, due
to the present relativistic behavior of the system, we preseatithe method based on
guantum mechanics and quantum field theory approaches.dHence, using the
Bethe-Salpeter equation . (R\,q1,q<) = (H — E)x(R\jgy ,.q< ) = + and Eq. (1)
we will describe relativistic processes and the behavior of the system within the
strong Coulomb interaction with the coupling,€onstant «. /Relativistic effects are

accounted for by including relativistic) energyy and expanding the term

’m' +p, = m#in (g + mY—T) hehce & (Ry.qv.dx) =e. (), x(R.q1.qt) =

x(u) in the axillary symplectic space“isiebtained in the following way €. (u) =
73—;’ + ¢q"(U(q) — E) = +, and then,Eq. (¢) reads

e.(Wx) =

!

¥ v
D D D D D r
f—u(a)v+wr)_/ta\/mext (Y’w,+”wr) ((rw,+fwr) +R’) B

D D

(s, | = (%)

where — 4 (T; + nl) is considered as the rest mass of (exciton) electron-hole
ext e h

confined state in the two-point approximation method, u = @ is the reduced

mass of biexciton and u;,; is the constituent mass of exciton (electron-hole), and
a = En\g in the natural unit. These masses describe the mass of the electron and

hole inside the biexciton bound state and differ from the rest mass and effective
mass of particles in the strongly oblate ellipsoidal GaAs quantum dot. We
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. . . de.
consider using conditions % =+ and
\

Y
frequencies of clusters in a biexciton-bound state (for more detail see [Y)] ). We
determine oscillator frequencies for conditions R, = + and R, = oo and define
w4 = wy = wy, and Eqg. (74 reads

d . -
2 _ . and w,, wy are oscillator

!
14 r
Dwy D D 4 D _ .
T Mexe - ((—w+) +Ry) — - xWw = (T

utilizing and applying correlations
y ——; wsR N y
w4R, — _’ w4R, .
((D)+’) Ne(D)-l'f(D) (™)

and Eq. (77 reads P

D, _(o4Rp RN
(2 = s (5 +3(252) ) - 5 20 3 ()
and then, considering that the distance betw

where R, ||z, after performing specifi t
eigenvalue can be defined from E he fo

ical substitutions, the energy

Y A w4R Y
E= ‘;’_;__“V;lm w,e 5 Wl (vv)

Then, taking advant@e of thyitio w4 d;('u(”) = +, by minimizing the Eq.
+

(77, we define the equation foFdescribing oscillator frequency w, of biexciton

in strongly oblate ellj aAs quantum dot

+_R‘)' ~ o Moy _(‘“+TR’) (1)

(79
Aua, [meyy of

and, then, v e condition R, « Y, oscillator frequency w, = )

biexciton is“defined and then this formula will help us to calculate the reduced
mass u of the biexciton system based on Eq. (Y¢). We calculate the result for the
ground states of energy levels and oscillator frequency, respectively. As a result,
Egs. (YY) and (¥V)) are described in the form
r ‘a.m ‘aR | m
:0:_;_ \/Dext Wy )Drext 0).: (T"D)
and
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——————————————— —_—— e 7‘
“’++;ruR{amw+ R) ()
Also, we determine the energy spectrum of the relativistic correction based on Eq.
(YV) is defined by the following expression (D = Y() + |23]))

e = —tapw. T [* du ultleTnos v

rel Hwy . - L mmey +% (*v)
Since we know that the relativistic corrections in the absence of a strong external
electromagnetic field can be neglected, therefore, by modifying Eqi/’) based on
the theoretical calculation from Eq. (1A), we can determine the relativistic mass
correction of an electron-hole cluster inside the biexciton systemagand the'rgsulting

W/Y
equation is solved as an equation p,,; = (m;xt —vu' Z—i) , the reddced mass
u of the biexciton system is defined using the relation i = “Y The results are
ext

calculated within the semiconductor quantum dat parameters for the GaAs, and
the effective mass of electron and hele, are“taken as ‘m; = +.+\Vm,, my, =
+.£om, with the relative permittivity . =YY,). We gonsider specific parameters
for GaAs quantum dots due totUning the strong electrostatic coupling constant.
The coupling constant depends on“the size, shape, charge distribution, and
dielectric environment of GaAs quantum dets and potential confinement. In this
research, we considegfthe distancefbetweén electrons R,: (+.)-°) ag, where ag is
the Bohr radius. It is afeharacteristic length scale between electrons and in a
biexciton system. Thegbiexeiten properties with the relativistic corrections on the
total Hamiltonianfmass, and jenergy eigenvalue are calculated and presented in
Table ) 4Fig. ¥ and'Fig. ¢,

TABLEI
BIEXCITON BO ELECTRON MASS RATIO IN THE STRONGLY OBLATE ELLIPSOIDAL GaAs
QUANTUMDOFS WITH COUPLING CONSTANTS (®+, A+, Y+ +) TIMES THE COULOMB
INTERACTION (ay).

*Nag +.%ag Vag Yag Yag °ag
M/me(\ gy DYYAY  LYTIVO A vTe.  hvEay ) vEAL ) VA
M/me(A.as) Y,VoeY Y, ¥eed  ),Yovy  y,YedY  ),ViYoe ), YVY¢
M/me(a.as) VLYAYE Y VAYT Y, YAYA YL VAYY Y VAES Y VAT




M(MeV) m=0, a=1
0.925
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Fig. ¥. Biexciton mass as a function of the distan tween eI!trons in SOEQD under

coupling constant (Y, A+, ~~)00un e.

- . - R1=0.5aB
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0.4692 I R1=5.0aB ’/

L P
0.4672 &

0.4652
0.4632
0.4612

0.4592 P T T I S S N S T S N T N S T T I S S T S |

0 20 40 60 80 100
Coupling constant

Fig. £. The constituent mass of exciton in the biexciton system as a function of coupling
constant ()-V* +) ag in SOEQD with different electrons distant R.

1. CONCLUSION

Biexciton’s energy levels in the strongly oblate ellipsoidal GaAs semiconductor
guantum dots have interesting optical properties and characteristics due to strong
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interaction near their confinement. Biexciton’s energy level has a different value
from the single exciton clusters inside a bound system and it is typically larger
than a single exciton in a bound state. Hence transition energy of biexciton is
higher when a biexciton-bound state is created or annihilated. Biexciton based on
the energy levels absorbs and emits optical light at specific energy eigenvalues.
As we know, the absorption spectra of biexcitons are directly connected to the
energy eigenvalues of the system, which allow all energy levels that a biexciton
in the strongly oblate ellipsoidal GaAs semiconductor quantum dots can possess.
In strong Coulombic interaction near the confinement of particles, Bigxcitons can
interact with other particles, photons, phonons, and excitonSin GaAs
semiconductors. These interactions directly affect the quamtum-optical' and
optoelectrical properties and lead to a modification of, the quamtum-optical
properties, binding energy, radiative recombination rate, linewidth, lifetime,
spectral shape of photoluminescence of biexciton compared«e,single excitons,
which can describe by energy eigenvalues. Hence’ the, description of energy
eigenvalues based on the relativistic correction ¢an be useful'to understand new
characteristics and behaviors of biexciton systeéms. As it'is widely recognized
biexcitons in GaAs in the stronglyoblate ellipsaidal nanoscale structures with
Coulombic interaction and strom@, quantum confinement, have exhibit size-
dependent optical properties. Hence, Khe’transition energies of biexcitons can be
tuned by controlling the dot size and shape. These quantum-optical properties of
biexcitons in GaAs strongly oblate ellipsoidal form is the subject of extensive
theoretical and experimental investigations, as they have consequences in hi-tech
devices, quantum information@processing, nanoelectronics technologies, and
fundamental studies of/solid, state and semiconductor physics. In summary, we
can present that some of thepbiexciton state properties in the SPEQD were
calculated theoretically in this article showing that the results can be compared
with the/variational method described in [Y'Y, 7Y].

The physical goncepts jncluded in this article are as follows:

- _Bhefelativistic effect and the geometry of the quantum dot play important
roles in the formation of the spectrum of charge carriers that constitute
the'exeiton or biexciton systems.

- Relativistic corrections on the electron-hole bound states can manifest as
specific properties in quantum dots, leading to the introduction of new
corrections on the physical quantities of the system.

- The relativistic correction presented in this article can affect the
characteristics of excitons, biexcitons, negative/positive biexcitonic ions,
and trions. It can influence nonlinear susceptibility, two-photon
absorption, the appearance of new resonance lines, and the shift of
photoluminescence emission peaks.
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- Since biexcitons are bound states of electron-hole pairs, the inclusion of
relativistic corrections allows us to describe new trends in the theory of
biexciton-polariton interaction, the electronic structure of biexcitons, and
the radiative decay of biexcitons.
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